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O ' Abstract 

(N : 

^ , Given a countable group G, we consider the sets §factor(G), §cqrci(G), of subgroups T C M+ for 

^ ' which there exists a free ergodic probability measure preserving action G r\ X such that the 

, fundamental group of the associated IIi factor L°° (X) x G, respectively orbit equivalence relation 

7^(G rx X), equals T. We prove that if G = V*°° * %, with T 7^ 1, then §factor(G) and §oqrci(G) 
contain M_|_ itself, all of its countable subgroups, as well as uncountable subgroups whose log 
can have any Hausdorff dimension a G (0, 1). We deduce that there exist IIi factors of the form 
M = L°°(X) xj Foo such that the fundamental group of M is M+, but M'®B{f{n)) admits 
' no continuous trace scaling action of K+. We then prove that if G = F * A, with F, A finitely 

i generated ICC groups, one of which has property (T), then Sfactor(G) = §eqrei(G) = {{!}}■ 

' 1 Introduction 



> 



Some of the most intriguing phenomena concerning group measure space IIi factors M = L°°(X) x G 
and orbit equivalence relations TZ = TZ{G r\ X), arising from free ergodic probabihty measure pre- 
\Q I serving (p.m.p.) actions G r\ X oi countable groups G on probability spaces (X, //), pertain to 

O ■ their fundamental group T{M), !F{1Z) ([18]). Although much progress has been made in under- 

. standing and calculating these invariants, many natural questions on how the group G may affect 

the behavior of J-{M), J^{TZ), remain open. 

A first indication that certain properties of G can impact the invariants independently of the way 
^ I it acts, appeared in Connes' ground breaking work on the classification and the structure of von 

Neumann factors, from the 1970's. Thus, a side effect of the uniqueness of the amenable IIi factor 
[5] and of the amenable IIi equivalence relation [7], is that T{M) = J-{1Z) = M+ whenever the 
^ \ group G is amenable. On the other hand, arguments from Connes' rigidity paper [4] were used 

■ to show that if G is infinite conjugacy class (ICC) and has the property (T) of Kazhdan, then 

!F{M),J^{1Z) are countable for any free ergodic p.m.p. action of G ([23], [15]). 

Then in the late 1990's, Gaboriau discovered that certain groups G, such as the free groups with 
finitely many generators, F„,2 < n < 00, give rise to orbit equivalence relations TZ = 1Z{G r\ X) 
with J-{JV) = {1}, for any free ergodic p.m.p. action F r\ X [13]. Moreover, many factors of the 
form L°°(X) x F„ were shown to have trivial fundamental group as well (cf. [27], [22]) and it is 
strongly believed that, in fact, this holds true for all F„ r% X. 

In turn, a completely new type of phenomena emerged in the case G = Fqo, where it was shown that 
there exist free ergodic p.m.p. actions Fqo ^ X with the fundamental group of the associated IIi 
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factors and equivalence relations, J^{M),J^(7l), ranging over a "large" family of subgroups C M+, 
containing R_|- itself, all its countable subgroups, as well as "many" uncountable subgroups ^ R+ 
[29]. In fact, it was conjectured in [29] that any group J- that can be realized as a fundamental group 
of a III factor or equivalence relation, can also be realised as J^(L°°(X) xi Fqo), J^(7^(Foo 
for some free ergodic p.m. p. action Fqo ^ X. 

Related to all these phenomena, we introduced in [29] the sets Sfactor(G'), Seqrei(G), of subgroups 
T C M+ for which there exists a free ergodic m.p. action G X such that !F{L°^{X) G) = J^, 
respectively J-{TZ{G r\ X)) = T . Using this notation, the result in [29] shows, more precisely, that 
Sfactor(Foo) nScqrel(Foo) Contains the set Scentr of all subgroups J- C for which there exists a free 
ergodic action of an amenable group A on an infinite measure space (y, v) , such that the set of scalars 
t > that can appear as scaling constants of non-singular automorphisms Q of (y, v) commuting 
with A rv y, equals T. In turn, Scentr is shown to contain M+, all its countable subgroups and 
uncountable subgroups T C M+ with the Hausdorff dimension of log(.7-") C M ranging over all the 
interval (0,1) ([29]). While an abstract characterization of Sfactor(Foo)) Seqrei 

(F oo) remains elusive, 

it was noticed in [29] that subgroups in either set, as in fact subgroups in §factor(G'), Seqrei 

(G) for 

any G, must be Borel sets and Polishable. 

Our purpose in this paper is to estimate (or even completely calculate) the invariants Sfactor(G), 
Seqrei (G*) for otlicr classcs of groups G. Wc target two types of results: on the one hand, detecting 
classes of groups G for which Sfactor(G), Seqrei (G) are "large", containing for instance the set Scentr 
defined above (like in the case case G = Fqq); on the other hand, detecting classes of groups G for 
which Sfactor(G), Seqrei(G) Contain only "small" subgroups of M+ (e.g. countable, or just {1}). 

Thus, our first result enlarges considerably the class of groups G for which we can show that the 
set Scentr IS Contained in both Sfactor(G) and Seqrei (G). 

Theorem 1.1. Let F be a non-trivial group, S an infinite amenable group and denote G = r*°°*E. 
Then, 

"centr C Sfactor(G) and 

Scentr Seqrei (G^) • 

Moreover, there exist free ergodic p. m.p. actions G r\ {X,n) such that the IIi factor M = L°°(X) x 
G has fundamental group T{M) = but the II^o factor M® B(-£^(N)) admits no trace scaling 
action o/M+. 

In Section 6, we will show that if the full group of an equivalence relation 7^ on a probability space 
{X, ji) contains a property (T) group acting ergodically on X, then J^iJZ) follows countable. Thus, 
if a group V appearing in Theorem 1.1 contains an infinite subgroup A with the property (T) and 
if G = r*°° * S r> X is a free ergodic p. m.p. action such that TZg has fundamental group equal to 
an uncountable group in Scentr , then the restriction of G rv X to A cannot be ergodic. 

Note that the last part of Theorem 1.1 provides group measure space IIi factors M = L°°(X) y\ G 
which do have fundamental group equal to M_|_ yet cannot appear in the continuous decomposition 
of a type IIIi factor. The problem of whether such IIi factors exist was posed over the years by 
several people, including Connes, Takcsaki, and more recently Shlyakhtenko. The fact that there 
are even factors of the form L°°(X) x Fqo satisfying this property (by simply taking F = S = Z 
in 1.1) should be contrasted with the fact that the IIqo factor associated with L(F<x)) does admit a 
trace scaling action of M+ , by [32] . 

Note that all groups of the form G = r*°° * S, covered by the above theorem, have infinite first 
^^-Betti number, Pi^\g) = oo, and in fact l3n\G) = oo,0, Vn > 2. On the other hand, by 
Gaboriau's scaling formula for ^^-Betti numbers [13], any free ergodic p. m.p. action of a group G 



2 



withp^n 'iG) ^0,00, for some n, gives rise to an equivalence relation TZg with trivial fundamental 
group, T{71g) = {!}• In other words, Seqrei(G) = {{!}}. While it is still an open question whether 
the corresponding IIi factors M = L~(X) xi G satisfy T{M) = {1} as well (i.e. §factor(G) = {{!}}), 
our next result provides a large class of groups G for which this is indeed the case. 

Theorem 1.2. Let T and A he infinite, finitely generated groups. Assume that V is ICC and that 
one of the following conditions holds. 

a) r = Fi X with T\ non-trivial and T2 nan- amenable, 

b) T admits a non virtually abelian, normal subgroup Ti with the relative property (T). 
Then, Sfa.;tor(r * A) = "eqrel 

(r*A) = {{i}}. 

When viewed from the perspective of Connes' discrete decomposition of type factors with 
< A < 1 ([6]) and respectively Connes- Takesaki continuous decomposition of type IIIi factors 
([10]), the above result provides a large class of groups G with the property that no IIi factor M 

arising from an arbitrary free ergodic p.m. p. action of G can appear in the decomposition of a type 
III factor (i.e., as Connes puts it, no such M can appear as the "shadow" of a type III factor). 

While III factors M = L°°(X) xi V arising from free ergodic p.m. p. actions F r> X of ICC property 
(T) groups always have countable fundamental group (cf. [4], [23], [15]), it was not known whether 
there exist cases when F{M) 7^ {1}. Our next result gives the first such examples. It also provides 
the first "concrete" examples of free ergodic p.m. p. actions T r\ X with the associated IIi factors 
M having fundamental group / {1},M_|_. Indeed, the actions in Theorem 1.1 above and in [29] 
are shown to exist by using a Baire-category argument, at some point, while in 1.3 below they are 
specific G-actions, obtained as diagonal products of Bernoulli and profinite actions. 

Theorem 1.3. Let T C Q+ be a subgroup generated by a subset of the prime numbers. Let 
G = Z" >^ SL(n, Z) with n > 3. Then, G admits a free ergodic p.m.p. action G r> {X, ji) such that 
the fundamental group ofL°°{X) >i G and ofTZ{G r> X) equals T . 

We in fact believe that any subgroup of Q+ can be realized as the fundamental group of a factor or 
equivalence relation arising from a free ergodic p.m.p. action of Z" xi SL(n, Z), n > 3. The question 
of whether there exist free ergodic p.m.p. actions of an ICC property (T) group G r\ X such that 
J-{TZq) or jr(L°°(X) XI G) contain irrational numbers, remains open. In fact, it is not even known 
whether the union of all the fundamental groups of IIi factors and equivalence relations arising 
from free ergodic p.m.p. actions of a fixed ICC property (T) group G is necessarily countable or 
not. 

Finally, noticing that for a large number of groups G it is known that {1} G Sfactor(G) (see e.g. 
[25], [27], [28]), we conjecture that this is in fact the case for all non-amenable groups G. If true, 
this would also show that the only possibilities for Sfactor(G), SeqreKG^) to be single point sets are 
Sfactor(G) = §eqrei(G) = §factor(G) = §eqrel(G) = {{1}}, the first situation Corresponding to 

G being amenable. This would provide a new, interesting facet of the dichotomy amenable/non- 
amenable for groups. 
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2 Preliminaries 



The fundamental group T{M) of a IIi factor M, introduced in [18], is defined as the following 
subgroup of M+. 

J^{M) = {T{p)/T{q) I p, g are non-zero projections in M such that pMp = qMq} . 

We call III equivalence relation on a standard probability space {X,iJ,) every ergodic probability 
measure preserving (p.m.p.) measurable equivalence relation with countable equivalence classes. 
The fundamental group J^{Tt) of a IIi equivalence relation TZ is defined as 

J^(7^) = {^i{Y)/fiiz) 1 7^|y ^ n\z} . 

Whenever T r\ {X, n) is a free ergodic p.m.p. action, we denote by TZ{T r\ X) the associated IIi 
orbit equivalence (OE) relation and by L°°{X) x T the associated group measure space IIi factor 
[18]. 

Definition 2.1. A free ergodic p.m.p. action T r\ {X,jjL) is called rigid if the corresponding 
inclusion 1P°{X) C L°°(X) xi T is rigid in the sense of [27, Proposition 4.1]. 

Some sets of subgroups of IR and ergodic measures 

Given a countable group T, we are interested in 

Sfactor(r) '■= C M+ I there exists a free ergodic p.m.p. action F rv {X,fj,) 

such that J^(L°°(X) >^ T) = J^} , 
§eqrei(r) := {J^ C M-|- | there exists a free ergodic p.m.p. action F r> (X,//) 
such that J"(7^(F r> X)) = .7^} . 

In [29, Theorem 5.3 and formula (2.2)], we have shown that both §factor(lFoo) and Seqrei(l^oo) contain 
Scentr defined as 

Scentr := C M+ j there exists A rv {Y,rf) free ergodic m.p. action, 
with A amenable and mod(CentrA(y)) = JT } . 

Following [1, Section 4], we call ergodic measure on M. any a- finite measure v on the Borel sets of 
R having the following properties, where we denote Xx{y) = x + y. 

• For all a; G M, either v o \^ = u on v o \^ A_ v. 

• There exists a countable subgroup Q C M such that v o \^ = v ion all x ^ Q and such that 
every Q-invariant Borel function on R is z^'-almost everywhere constant. 

For every ergodic measure on R, one defines 

-ffi, := {x e R I o Aj; = z/} . 

As shown in [1], the groups Hn can have arbitrary Hausdorff dimension and all exp(iJi^) belong to 
Scentr- We refer to [29, Section 2 and proof of Theorem 5.3] for a detailed exposition. 
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Intertwining by bimodules and the notation A ^ B 

M 

In Sections 3 and 4, we use the method of intertwining by bimodules, introduced by the first author 
in [27]. Let (M, r) be a von Neumann algebra with faithful normal tracial state r. Wc use the 
notation M"^ = M„(C) (8> M. When A,B C M" are possibly non-unital embeddings, we write 
A ^ B there exists a non-zero partial isometry v G lyi(Mn,m(C) (gi M) and a, possibly non-unital, 

M 

normal *-homomorphism p : A ^ satisfying av = vp{a) for all a & A. Several equivalent 
formulations of this property can be given, see [24, Theorem 2.1] (see also [35, Theorem C.3]). 

Suppose that A and B are Cartan subalgebras of the IIi factor M. Let Aq d Ahe & von Neumann 
subalgebra such that A'r.fMV[ = A. By [27, Theorem A.l], -< B if and only if there exists a 

M 

unitary u e M such that uAu* = B. 

3 Groups G for which Sfactor(G) contains uncountable groups 

The following theorem, whose proof is given at the end of the section, provides a large family 
of groups G such that Sfactor(G) and Seqrei(G') is large, in the sense that both contain Scentr- 
Moreover, we prove that G admits free ergodic p.m.p. actions G r\. {X, p) such that the IIi factor 
M := L°°(X) XI G has fundamental group R+, but nevertheless, the IIoo factor B(^^(N)) admits 
no strongly continuous trace scaling action of M_|_ . 

The groups G involved are infinite free product groups and should be opposed to the groups G 
treated in Theorem 4.1, for which SfactorlC) is trivial (cf. Remark 4.2). 

Theorem 3.1. Let T he a non-trivial group, S an infinite amenable group and denote G = r*°°*E. 
Then, 

"centr C Sfactor(G) and Scentr C §eqrel(G) . 

Moreover, there exist free ergodic p.m.p. actions G r\ {X,p) such that the II\ factor M = L°°{X) xi 
G has fundamental group J^{M) = R+, hut the II^o factor M(8)B(£^(N)) admits no trace scaling 
action o/M_|_. 

In the course of the proof of Theorem 3.1, we will also obtain the following result. 

Theorem 3.2. There exist IIi factors Mi and M^ such that J^(Mi) / M+ / J^{M2), but never- 
theless J^{Mi®M2) = M+. 

Let G be a countable group with subgroup T. Suppose that G r\ (X, ji) is a free p.m.p. action such 
that the restriction to F is ergodic. Slightly changing notations compared to [29, Section 2], denote 
by Emb(r,G) the set of non-singular partial automorphisms of {X,iJ,) satisfying (t>{g-x) G G-4>{x) 
for all g eT and almost all x G X with x,g -x E D{(j)). Denote by [[G]] the full pseudo-group of the 
OE relation Tl{G r> X), i.e. the set of a partial automorphisms (f) of {X, ji) satisfying (j){x) E G ■ x 
for almost all x G D {(/)). 

The following lemma generalizes [29, Theorem 4.1]. 

Lemma 3.3. Let T be an infinite group, A an arbitrary group, both acting freely and p.m.p. on 
{X, jjL). There exists a free p.m.p. action r*°° * A rv (X, //) with the following properties. 

• The restriction of a to V*°° is ergodic and rigid (in the sense of Definition 2.1). 
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• Emb(r*°°,r*°°*A) = [[r*°°*A]]. 

• The restriction of a to any of the copies of F, resp. to A, is conjugate with the originally 
given action. 

Proof. Denote the given actions by F A (X, /x) and A A {X,iJ,). We introduce the following 
notations: 

oo 

P*oo ^ ^^^Yi all Gn = r , 

n=—l 

n 

r„ := * Gk , 

k=—l 

Te ■= G-i * Go * * Gn whenever EcN . 

By [14, Theorem 1.2], take a free ergodic p.m.p. action Fq r\ {X,^) such that ao is a rigid action 
and such that the restrictions of ckq to G-\ and Go are conjugate with the action (3. By [34, 
Category Lemma] and [17, Lemma A.l], extend ckq to a free action of Fq * A on [X, n), still denoted 
by aO) whose restriction to A is conjugate with the action p. 

Extend the action ckq inductively to free actions F„ * A (X, fi) following the procedure in [29, 
Section 3] and such that the restriction of a„ to G^ C F„ is conjugate with /3 for all A; < n. We 
end up with the free action F*°° * A rv {X, jj). For every infinite subset £J C N, we denote by ctg 
the restriction of ckoo to F^ * A. Following the proof of [29, Theorem 4.1], there exists an infinite 
subset C N such that Emb(Fi;, F^ * A) = [[F^ * A]]. Since F^ ^ F*°°, the lemma is proved. □ 

Remark 3.4. Using the methods of [14, Section 2.3], Lemma 3.3 can be shown for Fi * F2 instead 
of the infinite free product F*°°, for arbitrary infinite groups Fi,F2 with given free p.m.p. actions 
on (X, yu). Such a generalization does not provide a refinement for Theorem 3.1 though, since the 
proof of Theorem 3.1 involves taking once more an infinite free product. 

For the formulation of the following theorem, recall that the automorphism group Aut(A^) of a von 
Neumann algebra with separable prcdual is a Polish group under the topology making the maps 
Aut(A'') : ujoa continuous for all uj E N^,. Similarly, the group Aut(y, ry) of non-singular 

isomorphisms of {Y,r)) (up to equality almost everywhere) is a Polish group and CentrAut Y(r2) is 
a closed subgroup whenever F2 r\ {Y, 77) is a non-singular action. 

Theorem 3.5. Let Fi * F2 A- {X,iJ,) be a free p.m.p. action. Let F2 {Y,r)) be a free ergodic 
action preserving the infinite standard measure rj. Consider the action Fi * F2 rv X x F given by 

9 ■ {x, y) = {g-x,y) ^geVi , h- {x, y) = {h- x,h- y) e F2 • (3.1) 

Make the following assumptions. 

• The restriction of a to Fi is ergodic and rigid. 

• We have Emb(Fi, Fi * F2) = [[Fi * F2]]- 

• F2 is amenable. 

Then, the following holds. 
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1. The map 

e : CentrAuty(r2) ^ Aut(7^(^l * Fa r> X x Y)) : A Ga where Q/^{x, y) = {x, A(y)) 
induces an onto group isomorphism between CentrAutY (r2) cmd Out(7?.(ri * r2 X x Y)). 

2. Define the IIoo factor N := L°°{X x F) x (Fi *r2). Denote for every A G CentiAuty (r2), by 
9a the corresponding automorphism of N. 

(a) The group Aut(A^) is generated by the three subgroups {6'a | A G CentrAuty(r2)}? the 
inner automorphism group Inn(iV) = {Adu \ u G U{N)} and the group of automor- 
phisms'^'^ H --{ee Aut(iV) \e{a) = a for all aeL°°{X xY)}. 

(b) The subgroup Inn(Ar) ■ H of Aut{N) is closed and normal in Aut(iV) and the map 

is an isomorphism and homeomorphism of Polish groups. 

Proof. The proof of point 1 is identical to [29, Lemma 5.1]. It remains to prove point 2. 

Write A = L°°(X) and B = h°°{Y). We first prove that every automorphism of N preserves the 
Cartan subalgebra A(S:B up to unitary conjugacy. Together with point 1, this imphes 2(a). So, let 
9 be an automorphism of N := (A^B) x (Ti * r2). Take a projection p G A^B of finite trace and 
put q = 9{p). After unitary conjugacy, we may assume that q G A^B. By [27, Theorem A.l], it is 
sufficient to prove that 9{Ap) -< {A^B)q. 

gNq 

Since 9{Ap) C qNq is rigid, [17, Theorem 5.1] implies that 

9{Ap) -< qUA^B) xTi)q for some z = l,2. 

qNq 

Since 9{Ap) is quasi-regular in qNq, [17, Theorem 1.1] implies that 9{Ap) -< {A'^B)q. 

gNq 

We finally prove 2(b). Observe that U{N) is a Polish group in a natural way and that the map 
U{N) Aut(A'^) : u ^ Adu is a continuous group morphism. Define H as in the formulation of 
the theorem and note that H is & closed subgroup of Aut(iV). We form the semi-direct product 
Polish group U{N) x if in such a way that vr : U{N) x if — > Aut(A^) : 7r(n, 9) = (Ad n) o is a group 
morphism. Note that vr is continuous and denote K := {U{N) x i7)/Ker7r. Again, i^T is a Polish 
group. We form the semi-direct product Polish group K x CentrAuty(r2) in such a way that 

p:K>4 CentrAuty(r2) ^ Aut{N) : p{k,A) = Tr{k)9A 

is a group morphism. Then, p is a continuous and injective group morphism between Polish groups. 

Moreover, by 2(a), p is onto. So, p is a homeomorphism. Hence, Inn(A^) • H = p{K) is closed and 
normal in Aut(A^) and the map A 6a provides an isomorphism and homeomorphism between 
CentrAuty(r2) and Aut(iV)/(Inn(iV) • H). □ 

'®^Note that H is isomorphic to the group of S^-valued 1-cocycles for the action Ti rx X x Y. 
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Lemma 3.6. Let T * K r\ {X,n) be a free p.m.p. action with the restriction to F being ergodic. 
Let A r\ (y, r/) be a free ergodic action preserving the infinite standard measure rj. Assume that A 
is amenable. Consider T * A r\ X x Y as in (3.1). Let Z C Y be a subset of finite measure and 
define the IIi equivalence relation IZ as the restriction ofTZ{T * A X x Y) to Z. 

Whenever is an infinite amenable group, there exists a free ergodic p.m.p. action T*°° rxXxZ 
such that n = n{T*°° *T,r^X x Z). 

Proof. Denote by TZi the equivalence relation given by the restriction of TZ{A X xY) to X x Z. 
Note that TZi need not be ergodic. Since A is amenable and almost every equivalence class of TZi is 
infinite, the results in [7] and [20] allow to take a free p.m.p. action r\ X x Z whose OE relation 
is precisely TZi. 

Since the action of A on {Y, rf) is ergodic, take G [[A]] with dom((/)„) = X x Z and range((/)n) = 
X X Zn, where n G N, forms a partition of Y (up to measure zero). Since the action of V leaves 
every X x Zn globally invariant, we can view (j)~^T(f)n as a group of automorphisms oi X x Z. It is 
now an exercise to check that TZ is freely generated by the OE relations of (f)~^r(l)n, n G N, together 
with Ti r\ X X Z. This provides us with the required free action of T*°° *Yl r\ X x Z. □ 

The following is the final ingredient in the proof of Theorem 3.1. 

Lemma 3.7. There exist ergodic measures v, v' on R such that Hi, 7^ M 7^ Hv' and Hi, + H^i = M. 

Proof. As explained in [29, Section 2], an ergodic measure 1/ on M can be associated to any pair 
(on); (bn) of sequences in N satisfying ^"^^i b~^ < 00 and 6„ < a„/2 for all n, in such a way that 

00 

where \\x\\ denotes the distance of x G M to Z C M. Take a„ = 2^"+^, 6„ = 2^" and associate with 
it the ergodic measure u. Take = 2^"+^, b'n = 2^"~^ and associate with it the ergodic measure 
v'. First of all, 

proving that H^ 7^ M 7^ ifj,/. 
Let now x G M and write 

00 

X = xo + \^ — with x„ G {0, . . . , a„ — 1} . 

^ ai • • • a„ 

n=l 

Write for every n E N, Xn = Vn + sfo^^n with y„, z„ G {0, . . . , y^}. Define 

00 00 „ 

and z=^ . 

One checks that y G H^, z G Hi,i and x = y + z. So, Hi, + Hi,i = M. □ 
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Proof of Theorem 3.1. Since r*°° = (r*r)*°°, we may assume that T is an infinite group. Let S, A 
be infinite amenable groups and A rv {Y, rf) a free ergodic action preserving the infinite standard 
measure r/. Set G := r*°° *E. We prove the existence of a free ergodic p.m. p. action of G r\ Z such 
that the associated IIi factor M := L°°(Z) xi G and equivalence relation TZ := Tl{G r\ Z) have the 
following properties. 

1. The fundamental group of M and the fundamental group of TZ equal mod(CentrAuty (A)). 

2. The IIoo factor B(£^(N)) admits a strongly continuous trace-scaling action of if and 
only if the group morphism 

mod : CentrAuty(A) ^ M+ (3.2) 

is onto and splits continuously. 

Choose any free p.m. p. actions F r\ {X,fi) and A r\ {X,n). Take a free p.m. p. action r*°° * A r\ 
{X, jj) satisfying the conclusions of Lemma 3.3. Define r*°° * A r> X x y by (3.1), with Fi = r*°° 
and r2 = A. Define the IIi equivalence relation Ti by restricting Tl{r*°° * k r\ X xY) io & subset 
Z of finite measure. By Lemma 3.6, we can take a free ergodic p.m. p. action G rv Z whose OE 
relation equals TZ. By point 1 of Theorem 3.5, 

F{n) = mod(CentrAuty(A)) ■ 

Put M := L°°(Z) XI G and note that M®B{f{n)) ^ L~(X x y) xi (r*°° * A). By point 2(a) of 
Theorem 3.5, also 

T{M) = mod(Aut(iV)) = mod(CcntrAuty (A)) . 

If the group morphism (3.2) splits continuously, it is clear that A'^ admits a strongly continuous 
trace scaling action. The converse follows from point 2(b) of Theorem 3.5. 

In order to conclude the proof of Theorem 3.1, we have to construct an action A rv (y, rf) such that 
mod(CentrAuty(-A)) = M+, but the morphism (3.2) does not split continuously. By Lemma 3.7, we 
can take ergodic measures 

z^i, U2 on M such that Hy^ ^ M 7^ Hv2^ while Hy^ + Hy^ = M. By formula (2.2) in [29], we can take 
amenable groups Ai, A2 and free ergodic infinite measure preserving actions Aj r\ (Yi,r]i) such that 
mod(CentrAuty, (Aj)) = exp(i?i/J. Since the homomorphism mod is continuous, we equip exp(Hl^^) 
with the (Polish) quotient topology. In this way, the iJ^.. become Polish groups and the embedding 
Hi,. ^ M continuous. 

We prove that 

mod : CcntrAut(yixy2)(Ai x A2) M+ 

admits no continuous splitting. Assume that it does. Since the left-hand side of the previous 
formula equals CentrAut yi ( Ai ) x CentrAuty2(A2), the homomorphism 

i/^i X ^ R : {x,y) X + y 

admits a continuous splitting. We then find continuous homomorphisms : M ^ i?^,. such that 
X = Oi (x) + 62 [x] for all a; G M. Since the embedding ^ R is continuous, there exist Aj G M 
such that 9i{x) = AjX for all x G R. But, Hi,. 7^ M, forcing Aj = for z = 1, 2, a contradiction. □ 

Proof of Theorem 3.2. By Lemma 3.7, we can take ergodic measures ui, V2 on M such that Hy^ 7^ 
M 7^ Hy^, while Hy^ -|- Hy^ = R. By formula (2.2) in [29], exp(iJ^.) G §centr, so that by Theorem 
3.1, we can take IIi factors Mi with !F{Mi) = exp(i7^,.). Then, the fundamental group of M\®M2 
contains exp(i?,yj -|- H^^) and hence equals M+. □ 
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4 Groups G for which SfactorlC) is trivial 



Combining results from [3, 13, 17], we prove that for the following groups G, Sfactor(G) is trivial. 

Theorem 4.1. Let V and A he infinite, finitely generated groups. Assume that V is ICC and that 
one of the following conditions holds. 

a) T = Ti xT2 is a non-trivial direct product with T2 being non- amenable, 

b) r admits a non virtually abelian, normal subgroup Vi with the relative property (T). 

Then, §factor(r * A) = Seqrcl(r * A) = {{1}}. 

Remark 4.2. Observe that Theorem 4.1 implies that, in general, Theorem 3.1 is false if we only 
take a finite free product. 

Proof of Theorem 4-1- Let F * A r> {X^^i) be a free ergodic p.m. p. action. Note first that by [13, 
Proprietes 1.5], we have < /3J (r*A) < oo. Hence, by [13, Corollaire 5.7], the fundamental group 
of the OE relation TZ{T * A r% X) is trivial. 

Write A = L°°(X), Ml = A XI r, M2 = A X A. Finally, set M = A xi (F * A) = Mi *a M2. Suppose 
that p G A is a projection and 9 : M ^ pMp a *-isomorphism. It remains to prove that 9{A) and 
pA are unitarily conjugate, since this implies that T{M) = J^{TZ{r * A r> X)). 

Under assumption a), we invoke [3, Theorem 4.2] and under assumption b), we invoke [17, Theorem 
5.1] and conclude in both cases that 0(L(Fi)) -< Mi for some i = 1, 2. Take a projection q G M", a 

non-zero partial isometry v € j)(Mi^„(C) <E> M)q and a unital *-homomorphism p : L{Ti) qM'^q 
satisfying 9{a)v = vp{a) for all a G -^^(Fi). In both cases a) and b), the group Fi is not virtually 
abelian. Hence, p(L(Fi)) 7^ A. By [17, Theorem 1.1], the normalizer of p(L(Fi)) inside qM^q is 

Mi 

contained in qMJ^q. Since v*v commutes with p(L(Fi)), we may first of all assume that q = v*v. 
Next, it follows that v*9{L{r))v C qMT'q. Hence, 9{L{T)) ^ M^. 

M 

Repeating the previous paragraph, we may assume that p : L(T) qMJ^q, 9{a)v = vp{a) for all 
a G L{T) and v*v = q. Since F is an ICC group, we get that 

M n L(F)' = Ml n L(F)' = A^ . 

So, vv* G 9{A^). It follows that v*9{A)v is a Cartan subalgebra of qM^q. Moreover, for all g G F, 
the unitary v*9{ug)v = p{ug) belongs to qM'^q and normalizes v*9{A)v. Then, [17, Theorem 1.8] 
implies that there exists w G gM" such that ww* = q, w*w G A^ and w*v*9{A)vw = w*wA^. It 
follows that 9 {A) and pA are unitarily conjugate. □ 

5 Sfactor(^" x SL(n, Z)) is non-trivial, for all n > 3 

When F is an ICC property (T) group, all groups in Sfactor(r) ^-re countable (cf. [15, Proof of 
Theorem 1.7], or [23, Theorem 4.5.1]). Nevertheless, Sfactor(r) can be non-trivial, as shown by the 
next theorem, in which we show that if F = Z" xi SL(n, Z), n > 3, then Sfactor(r) contains "many" 
subgroups of Q+. It is unclear though whether there exists a free ergodic p.m.p. action F rv (X, /x) 
of an ICC property (T) group F such that J^{n{r r> X)) ^ Q+. 
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Theorem 5.1. Let T C Q+ he a subgroup generated by a subset of the prime numbers. Let 
r = Z" XI SL(n, Z) with n > 3. Then, T admits a "concrete" free ergodic p.m.p. action T r> {X,iJ,) 
such that both the fundamental group ofL°°{X) xi F and ofTZiV r\ X) equal T . 

We prove Theorem 5.1 as a consequence of the following more general result. 

Theorem 5.2. Let T be a group having a normal, non virtually abelian subgroup S with the relative 
property (T) and with F/S being finitely generated. Let F D Fi D F2 D • • • be a decreasing sequence 
of finite index subgroups such that the action F rv {X,^) := limF/F„ is essentially free. Consider 
the diagonal product action F rv X x [0, 1]^ ofVr^X and the Bernoulli action F rv [0, 1]'". 

Then, the fundamental groups of the associated II\ factor and IIi equivalence relation are both equal 
to 



Conjugacy of two profinite actions can be expressed in purely group-theoretic terms, see e.g. [16, 
Proposition 1.8]. 

Before proving Theorem 5.2, we introduce some terminology and an auxiliary result. Recall that 
a 1-cocycle a; : F x X — > A for an action F r> (-X", /x) with values in a countable group A, is a 
measurable map satisfying 



The 1-cocycles uj,oj' : F x X ^ A are called cohomologous if there exists a measurable map (p : 
X ^ A satisfying u'{g,x) = ip{g ■ x)uj{g, x)(p(x)~^ almost everywhere. We identify homomorphisms 
from F to A with 1-cocyles u that are independent of the x-variable. 

Definition 5.3. Let F r\ {X^ji) be a free ergodic p.m.p. action. We say that a 1-cocycle u : 
F X X — ^ A virtually untwists if there exists 

• a finite index subgroup Fq < F and a quotient map tt : F — F/Fq satisfying 7r(g ■ ,r) = g'K{x) 
almost everywhere, 

• a 1-cocycle a;' : F x F/Fq — ^ A for the action F r\ F/Fq, 

such that uj is cohomologous with the 1 cocycle {g,x) ^ uj'(g,TT{x)). 

We call F r\ {X, ji) virtually cocycle superrigid (with countable target groups) if every 1-cocycle 
with values in a countable group A, virtually untwists. 

A stable orbit equivalence between free ergodic p.m.p. actions F r\ {X, ji) and A rv {X' , fx') is a 
map A : X X' satisfying the following properties. 

• For almost every x e X, we have A(F • x) = A • A(x). 

• There exists a partition X = \_\^ Xn of X into measurable subsets Xn C X and there exist 
measurable subsets X'^ C X' such that for every n G N, the restriction of A to Xn is a 
non-singular isomorphism between X„ and X'^. 




F„ C Ai n A2 for large enough n, and 



(5.1) 



Ai rv limAi/F„ is conjugate with A2 r\ lim A2/F; 




u{gh, x) = uj{g, h ■ x) uj{h, x) for all g,h eT and almost all x E X . 
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By ergodicity, every of these non-singular isomorphisms ^\x„ '■ measure scahng, with 

the scaUng being independent of n. This scahng factor is cahed the compression constant of the 
stable OE A and denoted by c(A). 

The Zimmer 1-cocycle u> -.T x X ^ A associated with the stable OE A is defined by 

A{g ■ x) = Lo{g, x) ■ A(x) almost everywhere. 

Two stable OEs Ai, A2 : X ^ X' are called similar if Ai(x) G A • A2{x) for almost all x € X. 
Note that similar stable OEs give rise to cohomologous 1-cocycles. 

Whenever Xq C X and Xq C X' are non-negligible measurable subsets and Aq : Xq — > X'q is a 
non-singular isomorphism satisfying Ao(r-xnXo) = A- Ao(.x)nXQ for almost all x G Xq, ergodicity 
allows to choose a measurable map p : X ^ Xq with p{x) G T ■ x for almost all x € X and then, 
A := Aq o p defines a stable OE. Another choice of p gives rise to a similar stable OE. It follows 
that 

J^{n{r r> X)) = {c(A) I A is a stable OE between T r\ X and F r\ X} . 

Let r r\ (X,fi). We say that the action F ^ X is induced from Ti r\ Xi if Xi is a non-neglible 
measurable subset of X and Ti < T is a finite index subgroup such that g ■ Xi = Xi for all 5 G Ti 
and iJ,{g ■ Xi n Xi) = if 5 G F — Fi. Obviously, in this situation F rv X is stably orbit equivalent 
with Fi rv Xi with compression constant [F : Fi]"-'^. 

The following provides one more instance of a general principle going back to [36, Proposition 
4.2.11]. For other versions of this, see [26, Proposition 5.11] and [35, Lemma 4.7]. 

Proposition 5.4. Let A : X ^ X' be a stable OE between the free ergodic p.m. p. actions F r\ 
{X,fi) and A r\ {X',fi'). If the associated Zimmer 1-cocycle virtually untwists (see Definition 5.3), 
there exist finite index subgroups Fi < F, Ai < A, non-negligible measurable subsets Xi C X, 
X[ C X' and a finite normal subgroup < Fi such that 



1. T r\ X is induced from V\ r\ Xi, 

2. A r\Y is induced from Ai r\Yi, 

3. the actions Ti/H rx Xi/H and Ai rv Yi are conjugate, 



and such that the stable OE A is similar to the composition of the canonical stable OEs given by 
1, 3 and 2. In particular, the compression constant of A equals 



[r;r,]ii/l 



Proof. Let A(^ • x) = io{g,x) ■ A{x) almost everywhere. By our assumption, take a finite index 
subgroup Fi, a quotient map tt : X ^ F/Fi and a 1-cocycle u;' : F x F/Fi A such that ^{g ■ x) = 
g7r{x) almost everywhere and such that lo is cohomologous with the 1-cocycle {g,x) 1-^ (jj'{g,7r{x)). 
Define Xi = 7r~^(eFi). By construction, F r> X is induced from Fi Xi. 

Denote by Ai the restriction of A to Xi. Then, Ai is a stable OE between Fi r\ Xi and A r\Y. 
By construction, the 1-cocycle associated with Ai is cohomologous to a homomorphism from Fi to 
A. The conclusion of the proposition now follows from [35, Lemma 4.7]. □ 
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In order to show the equahty of the fundamental groups of the IIi factor and the IIi equivalence 
relation associated with the F-actions defined in Theorem 5.2, we need the following result about 
automatic preservation of Cartan subalgebras. 

Proposition 5.5. Let T be a countable group having a normal, non virtually abelian subgroup S 
with the relative property (T). Let T r\ {X,iJ,) be a free ergodic p.m.p. action and assume that this 
action admits a free and profinite quotient: there exists a free profinite p.m.p. action V rv 
and a quotient map it : X ^ Xi satisfying TT{g ■ x) = g ■ tt{x) almost everywhere. 

Let {Yo,r]o) be a non-trivial standard probability space and set {Y,ri) = {Yo,r]o)^. Consider the 
diagonal action F r\ {X x Y, fi x rj). Set M = L°°{X x y) xi T. 

Then, every isomorphism 9 : M ^ pMp preserves, up to unitary conjugacy, the natural Cartan 
subalgebras of M, pMp. 

Proof Set A = L°°{X) and B = L°°{Y). Let 9 : M pMp be an isomorphism. Denote Ai = 
L°° {Xi ) and view Ai as a globally F-invariant von Neumann subalgebra of A. 

Almost literally repeating [24, Theorem 4.1] (see also [35, Lemma 6.11), we find that 9{L{T,)) -< 

M 

A xT. Take a projection q & {A x T)", a non-zero partial isometry v G p(Mi^„(C) M)q and a 
unital *-homomorphism a : L{'E) — q{A xi r)"g such that 9{a)v = va{a) for all a G LCE). 

Since S is normal in F and since S r> Xi is profinite, the quasi-normalizer of L{T,) inside M contains 

Ai X F. Since E is non virtually abelian, L{T,) cannot be embedded in an amplification of A. So, 
by [35, Proposition D.5], v*9(Ai x T)v C (A x F)". It follows in particular that 9(Ai) AxT. 

M 

We claim that in fact 9{Ai) -< A. Indeed, if this would not be the case, applying once more 

M 

[35, Proposition D.5] (and using the regularity of Ai C (AiSiB) x F) would yield M -< ^ xi F, a 

M 

contradiction. This proves the claim. 

Since F r\ Xi is free, we have A'^Ci M = A(SiB. Hence, the proposition follows from [27, Theorem 
A.lj. □ 

We are now ready to prove Theorem 5.2. 

Proof of Theorem 5.2. Put {X,ii) = limF/F„ as in the formulation of the theorem. We assume 
F r> X to be (essentially) free. Let Y = [0, 1]^ and denote by r] the infinite product of the Lebesgue 
measure on [0, 1]. We consider the diagonal action V r\ X xY . 

By Proposition 5.5, we have 

J^{Ij°°{X xY)xT)= T{n{r n.XxY)) . 

Whenever Ai < F is a subgroup containing F„ for large enough n, the action F r\ {X, n) is induced 
from the action Ai r\ Xi := lim Ai/F„ and hence, T rv X x Y is induced from Fi r\ Xi x Y. 

Since Fi rv [0, l]'^ and Fi r\ [0, l]'"^ are isomorphic actions, it follows that the set defined by (5.1) 
is part of the fundamental group J^{Tl{r X x Y)). 

A combination of [26, Theorem 0.1] and [16, Theorem B] yields that the diagonal action T r\ X xY 
is virtually cocycle superrigid in the sense of Definition 5.3. So, we can apply Proposition 5.4. 

Let A: XxY^XxYhea stable OE between T r\ X x Y and itself. We have to prove that 
c(A) belongs to the set defined in (5.1). Proposition 5.4 provides us with finite index subgroups 
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Gi,G2 of r, non- negligible measurable subsets Zi, Z2 C X x Y and a finite normal subgroup H of 
Gi such that F rv X x y is induced from Gi Zi and such that Gi/H r\ Zi/H is conjugate with 
G2 r\ Z2, say through the isomorphism A : Zi/H ^ Z2 and the group isomorphism (5 : Gi — G2. 
Finally, c(A) = 

Since the Bernoulli action Gi r\ Y is mixing, we have Z^ = x Y, with T r\ X being induced 
from Gi r\ Xi. Moreover, still because the Bernoulli action is mixing, A(a:, y) = (Ao(a;), . . .), where 
Aq : Xi/ H ^ X2 is an isomorphism conjugating the actions Gi/H r\ Xi/H and G2 r\ X2 through 
the group isomorphism 5 : G\/H ^ G2- 

Denote by tt^ : X — F/F„ the natural quotient map. By [16, Lemma 4.1], we find A; G N and 
g ^ T such that gTkg~^ C Gi and Xi = 7r^^(Gi(?Ffc). Moreover, since F r> X is free, we 
can take k large enough and assume that H r\Tk = {e}. Replacing Gi by g^^Gig and Xi by 
g''^ ■ Xi, we may assume that g = e. Note that Gi/H r\ Xi/H = limGi/(F„if) is induced 
from {Ti;H)/H r\ hm(FfciJ)/(F„if) and that the latter is conjugate with F^ rv limFfe/F„, because 
Tkr\H = {e}. ^ ^ 

It follows that F rv X is induced from 5{{rkH)/H) rv Ao(lim(Ffci7)/(F„iJ)). Applying as above 
[16, Lemma 4.11], we find /i € F such that, after replacing 5 hy g ^-^ hS{g)h''^ and Aq by x i— > 
h ■ Aq{x), we have F„ C A2 := d{{TkH)/H) for n large enough and 

Ao(lim(Ffci?)/(F„ii-)) = limA2/F„ . 

Denoting Ai = F^, we have constructed finite index subgroups Ai, A2 C F such that F„ C Ai n A2 
for n large enough and such that the actions Aj rv limAj/F„ are conjugate for z = 1,2. Tracing 
back the construction, we also have 

c(A) = 



[F : A2] 



[F : Ai] 

concluding the proof of the theorem. □ 

Proof of Theorem 5.1. Let .7^ be a subgroup of Q-|- generated by a non-empty subset V of the prime 
numbers. The case = {1} will be discussed at the end of the proof. Denote by R the subring of 
Q generated by V'^ . Note that R* = T yj (- J"). Set G = R^ x GL(n, R) and T = I/' x SL(n, Z). 
Let G = {51, 52 J • • • } and define the finite index subg roups Ffe < F as Ffe = F n 0-=! 9i^9~^- Define 
the profinite action F rv {X,iJ,) := limF/Ffc. 

We first argue why F r> {X, jj) is essentially free. Let p £ V and take ki < k2 < < ■ ■ ■ such that 
(0,p'l) G {gi, . . . ,5fc;}. One checks that F^^ C Gi := p'Z" xi SL(n,Z) and hence, it suffices to prove 
freeness of F r> limF/G^. The latter has been shown in [16, discussion before Corollary 5.8]. 

Consider the diagonal action T r\ X x [0, 1]^. Denote by the set defined in (5.1). By Theorem 
5.2, we have to prove that T = It is more convenient to write X = limF/Fi?, where F runs 
through the finite subsets of G and F^^ := F fl PlgGF 9^9~^- Whenever g E G, the action F r> X is 
induced from 

F n gVg r\ lim 

and is induced from 

g-^TgnVr. lim . 

^~~r Fp 

F,g-^eF 
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Both actions are conjugate by construction. If 5 = {x,A), one checks that 



[r:rngrff-^] _ 
[r:,-ir,nr]-l^^*^l- 



It follows that R*. C J^. 



Conversely, we claim that whenever Ai , A2 < F are isomorphic finite index subgroups of T such 
that Ffe C Ai n A2 for some k, then [T : Ai]/[r : A2] G R'^. Once this claim is proven, we get 
the required equality = Let (5 : Ai — >■ A2 be an isomorphism and Ffc C Ai n A2. We have 
(5(AinZ") = A2nZ". An elementary argument for this fact can be given by repeating the beginning 
of the proof of [30, Proposition 7.1]. Denoting by tt : F ^ SL(n, Z) the quotient map, 7r(Ai) and 
7r(A2) are isomorphic finite index subgroups of SL(n,Z). Using [16, Lemma 5.2], it follows that 
[SL(n,Z) : 7r(Ai)] = [SL(n,Z) : 7r(A2)]. Hence, we get 

[F : Ai] [SL(n, Z) : 7r(Ai)] [Z" : Z" n Ai] [Z" : Z" n Ai] 



[F : A2] [SL(n, Z) : 7r(A2)] [Z" : Z" n A2] [Z^ : Z" n A2] ' 

Being finite index subgroups of Z", we have Aj n Z" = SjZ'* for some Bi G M„(Z) with det Bi / 0, 
i = l,2. It follows that there exists A G GL(n, Q) such that 5{x, 1) = {Ax, 1) for all {x, 1) G AiHZ". 
Hence, 

[Z" : n Ai] _ [Z" : Z" n A-iZ"] 
[Z*" : Z" n A2] ~ [Z" : Z" n AZ"-] ' 

Since F^ c AinA2 C Z"r\AZ"r\A-^W\ we find a G i?*n(N-{0}) such that aZ" C Z'"nAZ'"n^-^Z" 
for i = 1, 2. We conclude that A G GL(n, i?) and finally, 

To conclude the proof of the theorem, we need to construct a free ergodic p.m. p. action F r> {X, ji) 
such that the associated Hi factor has trivial fundamental group. By [25, Corollary 0.2], the 
Bernoulli action F r\ [0, 1]^ has this property. Other examples can be given as follows. Let pi,P2, ■ ■ ■ 
be an enumeration of the prime numbers and set F^ = pi • • ■pk'Z'^ x SL(n, Z). By Theorem 5.2 and 
[16, Corollary 5.8], the diagonal product of the Bernoulli action F r\ [0, 1]^ and the profinite action 
F limF/Ffe, provides a crossed product Hi factor with trivial fundamental group. □ 



6 Property (T) and countability of the fundamental group 

In his celebrated "rigidity paper" [4] , Connes showed that Hi factors arising from ICC groups with 
the property (T) of Kazhdan have countable fundamental group. Using the same ideas, it was later 
shown that for a separable IIi factor M to have countable T{M), it is in fact sufficient that M 
contains a subfactor with the property (T) in the sense of [9] and having trivial relative commutant, 
N' r\ M = <C (cf. Theorem 4.6.1 in [23]; see also [19] for a more general statement). It was also 
shown that if M is a separable IIi factor, then the family of subfactors Ni C M, i £ I, having 
property (T) and trivial relative commutant, is countable modulo conjugacy by unitaries in M (cf. 
Theorem 4.5.1 in [23]; see also [21] for a related result). In this section, we prove some analogous 
results for Hi equivalence relations. 

In particular, these results show that given any Kazhdan group F, §eqrei(F) can only contain count- 
able subgroups of M+, and if in addition F is ICC then the same holds true for Sfactor(F). More 
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generally, Part 1 of Theorem 6.4 below shows that this is still the case if the center of T "virtually 
coincides" with its FC radical (as defined before 6.4). However, if one drops this assumption on F, 
then the situation seems to become quite complicated. Thus, Part 2 of Theorem 6.4 shows that if 
a property (T) group T is residually finite and has non-virtually abelian FC radical, then F admits 
free ergodic p.m.p. actions F r\ {X,n) such that L°°(X) xi F is McDuff and hence, its fundamental 
group is equal to M-).. 

We first need some notations. Thus, if 7?. is a IIi equivalence relation on the standard probability 
space (X, ii) , then we denote by \TZ\ the full group of the equivalence relation TZ, consisting of 
all non-singular isomorphisms (j) : X ^ X satisfying {x,(j)[x)) G TZ for almost all x ^ X. The 
full pseudogroup of TZ is denoted by [[R]] and consists of all non-singular partial automorphisms 
between measurable subsets D{(j)),R{(f)) C X, satisfying {x^4>{x)) G TZ for almost all x G D{(f)). 
Note that, since 7Z is IIi, every G [[7?.]] is measure preserving. If F C [[7?.]] is a subgroup, we 
denote by s(F) C X its support, i.e. the subset Y d X with the property that R{g) = D{g) = Y, 
yg G F. Two such subgroups F, A C [[7?.]] are conjugate by an element in [[7^]] if there exists 
(j) G [[TZ]] such that D(^) = s(F), = s(A) and (t)T = Acj). 

Theorem 6.1. Let TZ be a IIi equivalence relation on the probability space {X^ji). 

1. If\TZ\ contains a property (T) groupV implementing an ergodic action on {X,fj,), thenTiTZ) is 

countable. More generally, if \Tl\ contains a countable group F having a subgroup H CT with 
the relative property (T) implementing an ergodic action on (X,//), then J^(TZ) is countable. 

2. Let T be the set of property (T) subgroups F C [[7^]] acting ergodically on s(F). Then T is 
countable, modulo conjugacy by elements in [[TZ]]. 

Note that the ergodicity assumption of the action of F on {X, fx) in Part 1 of the above statement is 
crucial. Indeed, Theorem 3.1 provides examples of free ergodic p.m.p. actions G r\ (X, ^) such that 
TZ{G r\ X) has uncountable fundamental group, but nevertheless G contains a subgroup having 
property (T) (which, a fortiori, acts non-ergodically on (X, /x)). In turn, the existence of a property 
(T) subgroup of [TZ] acting freely and ergodically on X, does not insure that the IIi factor L{TZ) 
has countable fundamental group. Indeed, by [8] there exist free ergodic p.m.p. actions of groups of 
the form G = F x S, with F having property (T) and acting by Bernoulli shifts (thus ergodically), 
such that M = L°°(X) xi G splits off the hyperfinite IIi factor, and thus J^{M) = M+. In fact, as 
pointed out in [26], more than being countable, the fundamental group of TZ{G r\ X) is trivial. 

Note also that in the case TZ comes from a free ergodic action of a property (T) group, F r\ (X, /x), 
Part 1 of Theorem 6.1 was already shown in [15, Corollary 1.8], in the case F is ICC, and in 
[16, Theorem 5.9], in the general case. We will use the above result in [31], to prove that the IIi 
equivalence TZ obtained by restricting the IIqo equivalence relation implemented by SL(n, Z) rx W^, 
n > 4, to a subset of measure 1, has property (T) in the sense of Zimmer, yet cannot be implemented 
by an action (even non-free) of a property (T) group because J^{TZ) = M+ . 

We will prove Theorem 6.1 by contradiction, using the property (T) of the subgroups and a "sep- 
arability" argument, in the spirit of [23]. For more on this strategy of proofs, which grew out of 
Connes' rigidity paper [4], we send the interested reader to Section 4 in [28]. As a result of this 
argument, we obtain two copies Fi,F2 C [[TZ]] of the same property (T) group, which are uniformly 
close one to the other. This in turn gives rise to a non-zero intertwiner (j) G [[7^]] between Fi,F2. 
But if the Fj-actions are assumed ergodic, this forces /u(s(Fi)) = /x(s(F2)) and the conjugacy of 
ri,F2. 
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The existence of an intertwiner between uniformly close subgroups in [[7^]] is the subject of the 
next lemma. Recall that [[TZ]] has a natural metric space structure, inherited from the Hilbert-norm 
II • II2 of the underlying IIi factor L(JZ) associated with TZ, by viewing every (p £ [[R]] as a partial 
isometry in L(TZ) and using the || • ||2-norm on the latter. The metric can be concretely written as 

d{cl>,^f = fi{D{cl>) A D{i;)) + 2^i{{x G D{cl>) H D{^) \ 7^ VW}) , 

where A denotes the symmetric difference of two sets. We will also need the natural cr-finite 
measure /x^^^ onTZ C X xY, defined by the formula 

l_i(^\U)= [ #{y\{x,y)eU}dfi{x)= [ #{x \ (x , y) e U} dfiiy) 
Jx Jx 

for all measurable subsets U dTZ. 

Lemma 6.2. Let TZ he a IIi equivalence relation on the standard probability space {X,ijl). Suppose 
that V is a countable group, Xq,Yq C X and let 

a:T^[n\xo\ and /? : F ^ [7^|yJ 

be group morphisms satisfying d{ag,(3g) < 1/5 for all g E T and iJ,{Xo) , fj,(Yo) > 3/4. Then, there 
exist non-negligible measurable subsets Xi C Xq, Yi C Yq and 4> € ^{4') = R{4') = ^1 

such that 

Xi is globally {ag)g^r -in-variant , Yi is globally {Pg)g^r -invariant, and 
4>{ag{x)) = I3g{(f){x)) for almost all x G D((j)) . 

Proof. Denote by Tr the normal faithful semi-finite trace on L°°{TZ) given by integration along 
help G L°°{TZ) be the projection onto TZ^XoxYq and e < p the projection onto {{z,z) \ z e XqDYo}. 
Set B = L°°{TZ)p. The group F acts by automorphisms pg of B given by 

{pgF){x, y) = F{ag-i {x), (3g-i (y)) for almost all {x,y) e TZD X x Y . 

Since \\pgie) - e|||-pj. = 2p[{z G Xq nYb I Oig-i{z) / Pg-i{z)}), we get 

||Pg(e) - e||2,Tr < ^ for all ^ G F . 

Define a G B'^ as the unique element of minimal || • ||2,Tr in the weakly closed convex hull conv{pg{e) \ 
g G F}. It follows that ||a — e||2,Tr < 1/5 and that Pg{a) = a for all 5 G F. Note that < a < 1. 
Defining / as the spectral projection / = X[i/2.i]{'-^)^ we find that ||/ — e||2,Tr < 2/5 and Pg{f) = f 
for all 5 G F. We write / = xw, where W C T^PiXq x Yq is globally (pg)g£r-invariant and satisfies 

{W A {{z, z)\zeXonYo}) (6.1) 

Denote := {y G Iq I ix,y) G W} and Wy := {x e Xq \ {x,y) G W}. Define 

Wq := {{x , y) & W \ xW and Wy are singletons } . 

Then, Wq is still globally (/9g)ggr-iiivariant. Since p{Xq), p{Yq) > 3/4 and p{Xq A Yq) < 1/25, we 
have p{Xo n Yq) > 3/4 — 1/25. By (6.1), the set of a; G Xq such that xW is a singleton, then has 
measure at least 3/4—1/25 — 4/25. The same holds for the set of y G Yq such that Wy is a singleton. 
So, Wo has measure at least 1/10. By construction, Wq is the graph of a partial automorphism 
(?!) G [[TZ]] satisfying all the conclusions of the lemma. □ 
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Proof of Theorem 6.1. Let us first prove Part 1 of the theorem. By the relative property (T) of 
H d V, there exist F C F and < e < 1/4 such that whenever tt : F — UiH) is a unitary 
representation of F on a Hilbert space H and € K a unit vector satisfying ||7r(g')^o ~ Co|| < ^ for 
ah 5 e F, then ||7r(/i)^o - ?o|| < 1/8 for all heH. 

Choose for every t G (0, 1) a measurable subset Yt d X with ^{Yt) = t and such that K, C It if 
s < t. Assume that the fundamental group of TZ is uncountable. For every t G ^iJZ) H (3/4, 1), 
choose an isomorphism At : X between TZ and 7?.|yj. Note that scales the measure by t. 
Define a* = Aj o o A^^^ Note that a* G [[7^]] with D(ap = i?(a*) = Yt. Since J^(7^) n (3/4, 1) 
is uncountable, separability of the metric space ([[7^]],<i) yields G !F{Tl) n (3/4,1) with s <t 
and d{ag, a* ) < e/2 for all g £ F. 

Define the Hilbert space H = L'^{TZriYs x Yt, ji^^^) and the unitary representation 

7r:T^U{n) : (7r(5)0(^, y) = ^(a^i (a^), (?/)) ■ 
Set As := {{y,y) \ y G Yg} and .^o '■= •s~^^^XAs- Then, is a unit vector in TC and, for all g £ F, 

M9)^o - 6f = 2s-V({?/ e I a^-i(y) 7^ a*-i(y)}) < s-'d{al, a*)^ < ^2 _ 
It follows that ||7r(/i)^o — Co|| < 1/8 for all h e H. So, for all h e H, we have 

2/x({yGn|a^(y)7^al(y)})<^<g^. 

Since also, given g £ F, 

f^{Yt\Y,)<d{al,alf<'^<^, 

it follows that 

dialaif<,,iYt\Y,) + ^<^ 

for all h G H. Since {ah)h<^H implements an ergodic action on {X,iJ,), the same holds for {af^)heH7 
{ajJfi^H and so. Lemma 6.2 provides an element (p G [[7^]] with I?(0) = Yg and -R(0) = 1*. Since ^ 
is a measure preserving isomorphism between Yg and Yt and //(Y^) = s < t = n{Yt), we reached a 
contradiction. 

To prove Part 2 of Theorem 6.1, assume by contradiction that there exist uncountably many 
subgroups {Fj | i G /} in [[TZ]] which have property (T) and are non-conjugate in [[TZ]]. We 
continue to use the measurable subsets Yt C X with n{Yt) = t and Ys CYt whenever s <t. By the 
ergodicity of TZ, we may assume that for every i G /, the support of Fj is one of the Yg. 

By Shalom's theorem [33, Theorem 6.7], every property (T) group is the quotient of a finitely 
presented property (T) group. Since there are only countably many finitely presented groups, we 

may assume that all Fj's arc representations of the same property (T) group F. Finally, we may 
assume that there exists t G (0, 1) such that /[x(s(Fj)) G (3t/4,i) for all i £ I. So, replacing TZ by 
TZ\Yt, we may assume that /x(s(Fj)) G (3/4, 1) for all z G /. 

By the property (T) of F, there exist F CT and < e < 1/4 such that whenever n :T U{TL) is a 
unitary representation of F on a Hilbert space Ti, and € 7^ a unit vector satisfying ||7r(5)^o— || < £ 
for all geF, then [\Tr{g)^o - Co|| < 1/8 for all geV. 

Now, by the separability of ([[7^]],(i), there exist i j such that d{ai{g),aj{g)) < e/2, G F. 
Let Yi C X, Yj C X he the support of Fj resp. Fj and assume Yi C Yj. We define TL, € TL, 
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TT : r — !■ U{7i) as before, but replacing by ai{g), ag by C(j{g), Yg by Yi and Ij by 1^-. The 
same estimates then show that is a unit vector satisfying ||7rg(^o) — Co\\ < G F. Thus, 

IK(5')Co ~ '^oll 1^ 1/8 for all g ^ T. As before, this translates into d{ai{g) , aj (g)) < 1/4, V^f G T. 
By Lemma 6.2, this implies Fj, Tj are conjugate by an element in [[7^]], contradicting our initial 
assumption. □ 

Part 2 of Theorem 6.1 readily implies that the functor T i— > TZr, from free crgodic p.m. p. actions 
of property (T) groups with morphisms given by conjugacy, to the associated equivalence relations 
with morphisms given by orbital isomorphism, is "countable to one" . In other words, there are at 
most countably many non-conjugate free ergodic p.m.p. actions in each OE class of a free ergodic 
p.m. p. action of a property (T) group. In fact, even more is true: any free ergodic p.m.p. action 
of a property (T) group follows "orbit equivalent superrigid, modulo countable classes" , in a sense 
made precise below. 

Corollary 6.3. Let T r\ X be a free ergodic p.m.p. action of a property (T) group. Let Aj r\ Xi, 
i G I, be a family of free ergodic p.m.p. actions such that TZr ~ for some t^ > 0. Then the 
family I is countable, modulo conjugacy of actions. 

Proof. We may assume that ti > 1/c for alH G / and some c > 0. Setting TZ = (TZrY, we can view 
all Aj as subgroups of [[TZ]], with the action of Aj on s(Aj) C X being conjugate to Aj r\ Xi. By 
[12, Corollary 1.4], all Aj have property (T). So, by Part 2 of Theorem 6.1, the family / is countable 
modulo conjugacy of actions. □ 

When r is an ICC property (T) group, all groups in Sfactor(r) are countable (cf. [15, Proof of 
Theorem 1.7], or [23, Theorem 4.5.1]). The next theorem generalizes this result to Kazhdan groups 
r with the property that the center Z{T) has finite index in the FC-radical Tf of F, defined by 

Tf := {g gT \ g has a finite conjugacy class } . 

As far as we know, the only examples of Kazhdan groups F with infinite FC-radical Tf that 
exist in the literature are such that 2(T) has finite index in Tf (see e.g. [2, Example 1.7.13] and 
[11, Definition 2.4]). Concerning the remaining case, we prove in the second part of the theorem 
below that if F is a residually finite property (T) group such that Fj is not virtually abelian (i.e., 
2{T f) <Tf has infinite index), then F admits a free ergodic p.m.p. action on (X, fi) with L°°{X) x: F 
being McDuff and hence, M_|_ G Sfactor(r). While we were unable to show whether Kazhdan groups 
with these properties exist or not, after discussing this problem with several specialists, it was 
indicated to us by Mark Sapir and Denis Osin that such groups probably do exist, but their actual 
construction may require a substantial effort. 

Theorem 6.4. Let T be a property (T) group. 

1. If Z{T) has finite index in the FC-radical Tf, then §factor(F) only contains countable groups. 

2. If T is residually finite and [Tf,Z{Tf)] = oo, then T admits a free ergodic profinite p.m.p. 
action on {X,ii) such that L°°(X) x F is McDuff. 

Proof. Whenever H CT, denote by Cy{H) the centralizer of H inside F. 

Assume first that Z{T) has finite index in Tf. Let F r> {X,fi) be free ergodic p.m.p. Write 
A:=L°°{X) and M := ^ XI F. Define A := Cr(F/). Since Z{T) has finite index in F/, it follows 
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that A has finite index in F. A fortiori, the subgroup Ai := A ■ Tf has finite index in T. Also, 
the subalgebra of A-invariant functions in A, is finite dimensional and globally Ai-invariant. 
Consider the subalgebra B := A^ x Ai of M. Since L{Ai) C B has finite index, it follows that B 
has property (T). On the other hand M f] B' C M D L{K)' and it is straightforward to check that 
M n L(A)' (Z A^ y\ Tf. So, we get MnB' C B. By [19, Theorem A.l], it follows that J"(M) is 
countable. 

Suppose from now on that T is residually finite and [Tf,Z{Tf)] = oo. Let Tf = {/ii,/t2, ■ ■ ■} be 
an enumeration. Let i?„ < F be a decreasing sequence of normal, finite index subgroups with 
f]^Hn = {e}. Define 

F„:=i7„n Pi sCr{hi,...,hn)s-\ 

ser/ Cr{hi,...,h„) 

By construction, F„ is a decreasing sequence of normal, finite index subgroups with P)^ F„ = {e} 
and such that for all /i G F/, we have F„ C Cr(^) for all n large enough. 

Denote (X, ii) = lim(F/F„, counting probability measure). Consider the natural free, ergodic, profi- 
nite, p.m. p. action F r\ {X,fi). Put A = L°°{X) and M := A>iT. For every s £ T and n € N, 
denote by XsFn the function equal to 1 on sF„ and zero elsewhere and interpret XsTn ^ ^ projection 
in A. 

For every h eTf, define the unitary Vh & M D L(F)' by 

Vh ■= ^ XsFnUsh-^s-^ n large enough, meaning F„ C Cr{h). 
ser/r„ 

It is straightforward to check that Fj — > U(M n L(F)') : h i-^ is a group morphism and that 
T{vh) = whenever h ^ e. 

Claim. If for all n G N, we have ^„ G F/ n F„ with /i„ ^ e, then is a central sequence in M 

with T{vh„) = for all n. For all n, we have G L(F)'. So, to prove the claim, it suffices to take 
A; G N, G F and prove that 

lim||[Xsrfe,^^ft„]||2 = . 
But, by construction, XgVj, ^^'^ '^h^ commute when n > k. 

Since 2(Tf) < Tf has infinite index and since Tf has finite conjugacy classes, it follows that Tf 
has no finite index abelian subgroups. So, for every n, the finite index subgroup Fj n F„ of is 
non-abelian. Therefore, we can choose /i„, h'^ eTfD F„ such that hnh'^h~^h'^~ 7^ e. By the claim 
above, Vh„ and Vh' are central sequences. By construction, T{vh^Vh' v^, ) = for all n. So, M 
is McDuflF. 

□ 
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